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X ? $\mathbb{R}$d????? $\alpha$-?????? $\alpha\in$ ] $0$ , 2[ ??? (see [4]). ??
?? $L^{2}(\mathbb{R}^{d})$ ????????? $(\mathcal{E}, \mathcal{F})$ ?
$\mathcal{F}=\{f\in L^{2}(\mathbb{R}^{d}):\int_{\mathbb{R}^{d}}\int_{\mathbb{R}^{d}}\frac{(f(x)-f(y))^{2}}{|x-y|^{d+\alpha}}$dxdy $<\infty\}$
$\mathcal{E}(f, g)=\frac{1}{2}\int_{\mathbb{R}}]_{\mathbb{R}^{d}}\frac{(f(x)-f(y))(g(x)-g(y))c(x,y)}{|x-y|^{d+\alpha}}$dxdy, $f,$ $g\in \mathcal{F}$
?????????? $c(x, y)$ ? $\mathbb{R}^{d}\cross \mathbb{R}^{d}$ ?????????????
$0<c_{1}<c_{2}$ ???? $c_{1}\leq c(x, y)\leq c_{2}$ for $x,$ $y\in \mathbb{R}^{d}$ ????????
Chen Kumagai [4] ????? X ?] $0,$ $+\infty[\cross \mathbb{R}^{d}\cross \mathbb{R}^{d}$ ???? H\"older
????? $p_{t}(x,y)$ ??????$d>\alpha$ ?????????? X???
???????? X??? $p_{t}(x, y)$ ????????????????
?? $:p_{t}(x, y)_{\wedge} \vee(t^{-d/\alpha}\wedge\frac{t}{|x-y|^{d+\alpha}})\forall(t, x, y)\in]0,$ $\infty[\cross \mathbb{R}^{d}\cross \mathbb{R}^{d1}.$ $\beta>0$
???? $R_{\beta}(x, y)= \int_{0}^{\infty}e^{-\beta t}p_{t}(x, y)dt,$ $x,$ $y\in \mathbb{R}^{d}$ , ? $\beta$-???????
?????????????? $\nu$ ???? $R_{\beta} \nu(x):=\int_{\mathbb{R}^{d}}R_{\beta}(x, y)\nu(dy)$ ,
$R\nu(x):=R_{0}\nu(x)$ ????????????????? $f$ ????
$\nu(dx)=f(x)dx$ ??? $R_{\beta}f(x)=R_{\beta}v(x)$ ????$\mathbb{R}^{d}U\{\partial\}$ ? $\mathbb{R}$d ??
??????????????????? $\{F_{k}\}$ ??? $\mathcal{E}$ -?????
? $P_{x}(\lim_{karrow\infty}\sigma_{F_{k}^{c}}=\infty)=1$ a.e. $x\in \mathbb{R}^{d}$ ?????????????
? $\sigma_{F_{k}^{c}}:=\inf\{t>0|X_{t}\in \mathbb{R}^{d}\backslash F_{k}\}$ ? $X_{t}$ ? $F_{k}^{c}:=\mathbb{R}^{d}\backslash$ ??????
??????? $\mathbb{R}^{d}\cup\{\partial\}$ ???? $f$ ??? $\mathcal{E}$ -??????????
??????? $\mathcal{E}$-? $\{F_{k}\}$ ? $f|_{F_{k}\cup\{\partial\}}$ ?? k $\in \mathbb{N}$?????????
???? $QC(\mathbb{R}^{d}\cup\{\partial\})$ ? $\mathbb{R}$d $\cup$ $\{\partial$ $\}$ ??????? $\mathcal{E}$-???????
?????
$1$
[$4$ , Proposition 4.1] ?? $(t, x, y)\in$ ] $0,$ $1$ ] $\cross \mathbb{R}^{d}\cross \mathbb{R}^{d}$ ??????????????
??????????????????? scaling???????????????
?? $\alpha$-???????????????????$\alpha$-??????? $p_{t}(x,y)$ ? scaling
property $p_{t}(x, y)=t^{-d/\alpha}p_{1}(t^{-1/\alpha}x, t^{-1/\alpha}y)$ , $t\in$ ] $O,$ $+\infty[,$ $x,$ $y\in \mathbb{R}^{d}$ ???????
???????????????
??????????
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$S_{1}(X)$ ?????? X???????????????????
? ([5] ?????). [5] ??????? $S_{1}(X)$ ?? $\nu$ ??????
????? 1????????????????????????
(PCAF ???) $A_{t}^{\nu}$ ? Revuz ???? ([5] ?????). ?? $v\in$
$S_{1}(X)$ ????????? (resp. ??????) ?? $\sup_{x\in\pi}dR_{\beta}\nu(x)<$
$\infty\exists\beta>0$ $($resp. $\sup_{x\in \mathbb{R}^{d}}R\nu(x)<\infty)$ ????????? $v\in$
$S_{1}(X)$ ???????? $\lim_{\betaarrow\infty}\sup_{x\in \mathbb{R}^{d}}R_{\beta}v(x)=0$ ??????
$S_{D}^{1}(X)$ (resp. $S_{D_{0}}^{1}(X)$ ) ?????????? (resp. ???????)
????????$S_{K}^{1}(X)$ ???????????????? $S_{K}^{1}(X)\subset$
$S_{D}^{1}(X)$ ? $S_{D_{0}}^{1}(X)\subset S_{D}^{1}(X)$ ?????????X????? $(N, H)$ ?
$N(x, dy)=2c(x, y)|x-y|^{-(d+\alpha)}dy$ ?? $=t$ ????????????
$\mathbb{R}^{d}\cross \mathbb{R}^{d}$???????????? $\phi$ ?????? $0$?????????
$x\in \mathbb{R}^{d}$ ????$E_{x}[\sum_{s\leq t}\phi(X_{s-}, X_{s})]=E_{x}[\int_{0}^{t}\int_{\mathbb{R}^{d}}\frac{2c(X_{s},y)\phi(X_{s},y)}{|X_{s}-y|^{d+\alpha}}dyds]$
??????????????? $\mu_{\phi}(dx):=\{f_{\mathbb{R}^{d}}\frac{2c(x,y)\phi(x,y)}{|x-y|^{d+\alpha}}dy\}dx$ ?
???
X???????????? $u\in \mathcal{F}_{1oc}\cap QC(\mathbb{R}^{d}\cup\{\partial\})$ ??????
[6, Theorem 6.2(1)] ?????????????: ?? $\mu_{\langle u\rangle}\in S_{D}^{1}(X)$
????????? $u(X_{t})-u(X_{0})$ ??????????? (????
????????????? [6, Appendix]???????);
(1.1) $u(X_{t})-u(X_{0})=M_{t}^{u}+N_{t}^{u} t\in[0, +\infty[ P_{x}-a.s. \forall x\in \mathbb{R}^{d}.$
??? $M^{u}$ ????????? 2????????????????
? 2?????????? $\langle M^{u}\rangle_{t}$ ? PCAF ???????? Revuz??
?
$\mu_{\langle u\rangle}$ ??????????? $N^{u}$ ???????????????
??????????? $0$ ?????????
2. GAUGEABILITY????????
????? $\mu$ ? $\mu:=\mu_{1}-\mu_{2},$ $\mu_{1},$ $\mu_{2}\in S_{1}(X)$ ?????? $F$ ?
$\mathbb{R}^{d}\cross \mathbb{R}^{d}$???????????????????? $0$ ???????
?? $F\pm$ $:= \max\{\pm F, 0\}$ ????$F$ $:=F_{+}-F_{-}$ ???? $J_{1}(X)$ (resp.
$J_{D}^{1}(X)$ , $J_{D_{0}}^{1}(X))$ ????? $\mu_{|F|}\in S_{1}(X)$ $($ resp. $S_{D}^{1}(X)$ , $S_{D_{0}}^{1}(X))$ ?
??????????????? $F$ ? $F=F_{1}-$ ???????
?? $(i=1,2)$ ? $\mathbb{R}^{d}\cross \mathbb{R}^{d}$ ???????????????????
? $0$ ?????????????? $F_{1}+F_{2}\in J_{1}(X)$ (resp. $J_{D}^{1}(X)$ ,




?: $A_{t}^{F}=A_{t}^{F_{1}}-A_{t}^{F_{2}},$ $A_{t}^{F_{1}}:= \sum_{0<s\leq t}F_{i}(X_{s-}, X_{s})(i=1,2)$ . ???
? $u\in \mathcal{F}_{1oc}$ ? $\mu_{\langle u\rangle}\in S_{1}(X)$ ??????? $F_{1}+F_{2}\in J_{1}(X)$ ???
? $F^{u}(x, y)$ $:=F(x, y)+\{-u(y)-(-u(x))\}=F(x,y)+u(x)-u(y)$
? $G^{u}=e^{F^{u}}-1$ ????$F^{0}=F$ and $G^{0}=G:=e^{F}-1$ ????
$(F^{u})^{2}\in J_{1}(X)$ ?????????????????????????
???????????? $M^{F^{u}}$ ? $M_{t}^{F^{u}}=M_{t}^{F}+M_{t}^{-u}$ ???????
??? $M_{t}^{F}=A_{t}^{F}-A_{t^{F}}^{\mu},$ $t\in[0,$ $+\infty[$ . ??? $G^{u}-F^{u}\in J_{1}(X)$ ??
$(G^{u})^{2}\in J_{1}(X)$ ?????????????????????????
??????????? $M^{G^{u}}$ ? $M_{t}^{G^{u}}=M_{t}^{F^{u}}+A_{t}^{G^{u}-F^{u}}-A_{t}^{\mu_{G^{u}-F^{u}}}$ ?
?????? $Y_{t}:=Exp(M^{G^{u}})_{t}$ ? $M_{t}^{G^{u}}$ ? Doleans-Dade ??????
??????? SDE $Y_{t}=1+ \int_{0}^{t}Y_{s-}dM_{s}^{G^{u}}\forall t\in[0,$ $+\infty[,$ $P_{x}-a.s$ . ?
??????????? $Y_{t}=\exp(M_{t}^{F^{u}}-A_{t}^{\mu_{G^{u}-pu}})$ ???????
????? $t\in[0,$ $+\infty$ [????????????????????
???????????????? $Y=(\Omega,\tilde{\mathcal{F}}_{\infty},\tilde{\mathcal{F}}_{t},\tilde{X}_{t}, P_{x}^{Y})$ ???




(2.1) $e_{A}(t):=\exp(A_{t}) , t\geq 0$
?????$F$ ?????????????????:
$Ff(x):=\int_{\mathbb{R}^{d}}\frac{2c(x,y)G(x,y)f(y)}{|x-y|^{d+\alpha}}dy, f\in\mathfrak{B}_{b}(\mathbb{R}^{d})$ .
$e_{A}(t)$ ?????????? $\mathcal{H}:=\mathcal{L}+\mathcal{L}u+dF$ ????? $P_{t}^{A}f(x)$ $:=$
$E_{x}[e_{A}(t)f(X_{t})]$ ????????? $\mathcal{L}$ ? X???????????
??$dF$ ???????????????????: $dFf$ $:=Ff(x)dx.$
?? $\mu_{V}:=\mu_{V^{-}}^{1}\mu_{V}^{2}$ ? $\mu_{V}^{1}:=\mu_{1}+\mu_{G^{u}-F^{u}+F_{1}}$ ? $\mu_{V}^{2}:=\mu_{2}+\mu_{F_{2}}$ ?
????$Y_{t}=\exp(M_{t}^{F^{u}}-A_{t}^{\mu_{G^{u}-F^{u}}})$ ????? $t\in[0,$ $+$o$\infty$ [????
(2.2) $e_{A}(t)=e^{u(X_{t})-u(X_{0})}\exp(-M_{t}^{u}+A_{t}^{\mu}+A_{t}^{F})=e^{u(X_{t})-u(X_{0})}Y_{t}\exp(A_{t^{V}}^{\mu})$
??????? $x\in \mathbb{R}^{d}$ ? $f\in \mathfrak{B}_{+}(\mathbb{R}^{d})$ ????????????:
(2.3) $P_{t}^{A}f(x)$ $:=E_{x}[e_{A}(t)f(X_{t})]=e^{-u(x)}E_{x}^{Y}[\exp(A_{t^{V}}^{\mu})(e^{u}f)(\tilde{X}_{t})]$
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$\mu\langle u\rangle\in S_{D}^{1}(X)$ ? $F$ $\in J_{D}^{1}(X)$ ????????? $\mu_{V}^{1},$ $\mu_{V}^{2}.$ $\in S_{D}^{1}(X)$
???????????? 2??? $(\mathcal{Q}, \mathcal{F})$ ??????????
(2.4) $\mathcal{Q}(f,g):=\mathcal{E}(f,g)+\mathcal{E}(u, fg)--\int_{\pi^{d}}fgd\mu$
$- \int_{d}\int_{d}\frac{2f(x)g(y)c(x,y)G(x,y)}{|x-y|^{d+\alpha}}$dxdy, $f,g\in \mathcal{F}.$
???????? $\mu_{V}:=\mu_{V^{-}}^{1}\mu_{V}^{2}$ ???
(2.5) $\lambda^{Q}(\mu_{V}^{1}):=\inf\{\mathcal{Q}(f, f) f\in C_{0}^{\infty}(\mathbb{R}^{d}) , \int_{\pi}df^{2}d\mu_{V}^{1}=1\}.$
??????? $\nu\in S_{1}(X)$ ???????????????????
?? $\epsilon>0$ ??? $\mathbb{R}$d ? $\nu$-?????????? $K=K(\epsilon)$ ? $\delta>0$ ?
$\nu(B)<\delta$ ???????? $B\subset K$???? $\sup_{d}x\in\pi R(1_{B\cup K^{C}}v)(x)<\epsilon$
???????????$S_{CK_{\infty}}^{1}(X)$ ????????????????
??? ?? $\nu\in S_{1}(X)$ ????????????????????
???? $\mathbb{R}^{d}$ ? $\nu$-?????????? $K$ ? $\delta>0$ ? $v(B)<\delta$ ??
?????? $B\subset K$ ???? $\sup_{x\in \mathbb{R}^{d}}R(1_{B\cup K^{c}}v)(x)<1$ ?????
?????? $S_{CK_{1}}^{1}(X)$ ?????????????????????
?????
?? [7, Theorems 1.1 and 1.2] ?????????????????
?????? $g(x)$ $:=E_{x}[e_{A}(\infty)]$ ? $gaugeabili\backslash$ty ?????????
???????????????? [2, 3] ? [12] ??????????
??????????[7, Theorems 1.1 and 1.2] ? $\alpha$-????????
??????????????:
?? 2.1 ([7, Theorems 1.1 and 1.2]). $u\in \mathcal{F}_{1oc}\cap QC(\mathbb{R}^{d}\cup\{\partial\})$ ??
?? $\mathbb{R}^{d}$ ????????????????$\mu_{1}\in S_{CK_{1}}^{1}(X)$ , $\mu_{\langle u\rangle}+\mu_{F_{1}}\in$
$S_{CK_{\infty}}^{1}(X)$ ?? $\mu_{2}+\mu_{F_{2}}\in S_{D_{0}}^{1}(X)$ ????????????????
??:
(1) ??? (2.1) ???????????? $\sup_{x\in\pi}dE_{x}[e_{A}(\zeta)]<\infty$
??????
(2) ??? (2.1) ????????????????
$\sup E_{x}^{y}[e_{A}(\zeta^{y})]<\infty$
$(x,y)\in\pi d\cross\pi^{d},x\neq y$
????????? $P_{x}^{y}$ ?????????? $h()$ $:=R(\cdot, y)$
???????? $h$?????????????
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(3) (????): ? $x\in \mathbb{R}^{d}$ ???$R^{A}(x, y)$ $:= \int_{0}^{\infty}P_{t}^{A}(x, y)dt<\infty$
for . $y\in \mathbb{R}^{d}\backslash \{x\}$ . ??? $P_{t}^{A}(x, y)$ ???? (2.1) ????
????
(4) (????): ?????? $x,$ $y\in \mathbb{R}^{d}$ ??? $R^{A}(x, y)<\infty.$
(5) (??????): $\lambda^{Q}(\mu_{V}^{1})>0.$
?? 2.2. (1) [7, Theorems 1.1 and 1.2] ?????????????




????? $S_{CK_{1}}^{1}$ (X)???????????????? $S_{NK_{1}}^{1}(X)$
????????????????????????????
???? $\mu_{1}\in S_{CK_{1}}^{1}$ (X)(????????? $\mu_{1}\in S_{NK}^{1}$ ?
??? [2, 3] ???????? [7, Theorems l. $1$ and 1.2] ???
?????????







? Aizenman-Simon [1, Theorems A.4. $1$ and A.4.9] ?????
????????[12, Theorem 2.4] ???? gaugeablity???
?????????? [1, Theorems A.4.1 and A.4.9] ????
??????????? [2, Theorem2.12] ? [3, Theorem3.3]
? [1, Theorems A.4.1 and A.4.9] ?????????????
???[9] ?? [1, Theorems A.4.1 and A.4.9] ????????
? [2, Theorem 2.12] ? [3, Theorem 3.3] ??????????
gaugeability ???????????????????????





??????? ([8, Theorem 3]):
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?? 3.1 $([8,$ Theorem $3 u\in \mathcal{F}1_{oC}\cap QC(\mathbb{R}^{d}\cup\{\partial\})$ ???? $\mathbb{R}^{d}$ ??
??????????????$\mu_{1}\in S_{CK_{1}}^{1}(X)$ , $\mu\langle u\rangle+\mu_{F_{1}}\in S_{CK_{\infty}}^{1}(X)$ ?
? $\mu_{2}+\mu_{F_{2}}\in S_{D_{0}}^{1}(X)$ ?????????????????? :
(1) $\lambda^{Q}(\mu_{V}^{1})>0.$
(2) ?? $C=C(\alpha, d, u, F)>0$ ???? $\Vert P_{t}^{A}\Vert_{1,\infty}\leq Ct^{-d/\alpha}\forall t>0$
??????
(3) ?? $C_{i}=|C_{i}(\alpha, d, u, F)>0,$ $i=1$ , 2????
$C_{1}(t^{-d/\alpha} \backslash \wedge\frac{t}{|x-y|^{d+\alpha}})\leq p_{t}^{A}(x, y)\leq C_{2}(t^{-d/\alpha}\wedge\frac{t}{|x-y|^{d+\alpha}})$
? $\forall(t, x, y)\in]0,$ $+\infty[\cross \mathbb{R}^{d}\cross \mathbb{R}^{d}$ ??????
?? 3.2. (1) ?? 3.1???? [13] ??????????[13] ??
$u=\mu_{2}=F=0$ ?????????? $h(x):=E_{x}[\exp(A_{\infty}^{\mu_{1}})]$ ?
??? $h-1=R(h\mu_{1})$ ???????????? (i.e., $h-1=$
$R(h\mu_{1})$ ?????????? $\mathcal{F}_{e}$ ???????) $\mu_{1}$ ????
????????????????????????????
??????? (?? [6] ???????) ??????????
?????????? $u=\mu_{1}=F=0$ ? $\mu_{2}\neq 0$ ?????
????????????????????????????
$\mu_{V}^{1}=0,$ $\mu_{2}\in S_{D_{0}}^{1}(X)$ ????? $\mathcal{Q}(f, g)=\mathcal{E}(f, g)+\int_{\pi}dfgd\mu_{2}$





????????? $(u=\mu_{2}=F=0$ ? $\mu_{1}\in S_{CK_{\infty}}^{1}(X)\cap S_{0}(X)$
?????? [14] ??????????? So(X) ??????
??????????) ? (????????????) ???
???????????????????
REFERENCES
[1] M. Aizenman and B. Simon, Brownian motion and Harnack inequality for
Schr\"odinger operators, Comm. Pure. Appl. Math. 35 (1982), no. 2, 209-273.
[2] Z.-Q. Chen, Gaugeability and conditional gaugeability, Trans. Amer. Math.
Soc. 354 (2002), no. 11, 4639-4679.
[3] Z.-Q. Chen, Analytic characterization of conditional gaugeability for non-local
Feynman-Kac transforms, J. Funct. Anal. 202 (2003), no. 1, 226-246.
[4] Z.-Q. Chen and T. Kumagai, Heat kernel estimates for stable-like processes on
$d$ -sets, Stochastic processes and their Applications 108 (2003), no. 1, 23-62.
95
[5] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric
Markov processes, Second revised and extended edition. de Gruyter Studies in
Mathematics, 19. Walter de Gruyter & Co., Berlin, 2011.
[6] D. Kim, K. Kuwae and Y. Tawara, Large deviation principle for generalized
Feynman-Kac functionals and its applications, preprint (2012).
[7] D. Kim and K. Kuwae, Analytic characterizations of gaugeability for general-
ized Feynman-Kac functionals, preprint (2012).
[8] D. Kim and K. Kuwae, On a stability of heat kernel estimates under generalized
non-local Feynman-Kac perturbations for stable-like processes, preprint (2013).
[9] D. $Ki^{\backslash }m$ and K. Kuwae, General analytic characterization of gaugeability for
Feynman-Kac functionals, preprint (2013).
[10] K. Kuwae and M. Takahashi, Kato class functions of Markov processes under
ultracontractivity, Potential theory in Matsue, 193-202, Adv. Stud. Pure Math.
44, Math. Soc. Japan, Tokyo, 2006.
[11] P. Stollmann and J. Voigt, Perturbation of Dirichlet forms by measures, Po-
tential Anal. 5 (1996), no. 2, 109-138.
[12] M. Takeda, Conditional gaugeability and subcriticality of
Schr\"odinger operators, J. Funct. Anal. 191 (2002), no. 2, 343-376.
[13] M. Takeda, Gaugeability for Feynman-Kac functionals with applications to
symmetric $\alpha$ -stable processes, Proc. Amer. Math. Soc. 134 (2006), no. 9, 2729-
2738.
[14] M. Wada, Perturbation of Dirichlet forms and the stablility of fundamental
solutions, to appear in Tohoku Math. J. (2013).
Kazuhiro Kuwae
Department of Mathematics and Engineering






Department of Mathematics and Engineering
Graduate School of Science and Technology
Kumamoto University
Kumamoto, 860-8555
JAPAN
E{mail address: daehong@gpo.kumamoto-u.ac.jp
96
